
 

MATH 2028 Conservative Vector Fields

GOAL Study when does a line integral depend

only on the endpoints of the curve but not on

the particular path joining the endpoints

Recall Gradient vector field

Given a C function F U IR defined on

an open set ME Rn we define its gradient

Tf U B as the vector field on U
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Note T ft c Of for any constant C

The following theorem is simply the Fundamental

Theorem of Calculus for line integrals



Prop Let F U B be a vector field St

F Of on U E B

for some C function f U IR defined on

an open set U E R THEN for ANY curve

C E U joining p to q we have
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Remark The R H S for the above equality depends

only on the value of the function f at the

endpoints p f but NIT the specificpath C

joining p to f In other words the line

integral f F DE is path independent when
C

F is a gradient vector field in U ELR

Proof The proof is simply the usual Fund Thin of

Calculus on B



Let C be parametrized by Mt Ca b B

s 1 a p and 8lb q
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The following theorem gives a useful characterization

of gradient vector fields

Them Let F U Is be a cts vector field on

an open set U E R THEI the following are equivalent

1 F di O V closed curve C E U

z F di is path independent in U

3 F Of for some C function F U IR



Proofi I z Suppose C Cz are two curves

in U joining p to q THEN C u C Ca is a

closed curve in U By 1

UO
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2 3 WLOG assume It is connected

Fix P E U We define a function U IR by

f X n J F di U
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z f is well defined

Claim Tf F in U
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Let Cgc he be the straight line segment

joining x to X 1 hei for small values of h

Then Cp U Ca he is a piecewise C curve

joining p to set Hei Hence
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3 I Take any two points p q on a closed

THEN

Ci Cz by previous
Proposition D



Def'd A vector field F U R is said to

be conservative if F dir 0 for ANY

closed curve C E U

By Theorem above F is conservative iff

1 C function f i U R determined by F

up to an additive constant if U ER is connected

St F Of

We can f a potential function for F

Example Find a potential function F for the

conservative vector field F IR IR given by

F Cx y e t 2 9 2ft cosy

Solution 1 Fix p Co o From the proof of

Theorem above we know that

fCq f f If
where Cp q is ANI
Curve in U IR

CP.fr
joining p Coco to 8



In particular if we take Cp q be the
line

segment from Pe Colo to q Cx y parametrized

by 8Ct t x E y o s e e 1 a f card

Y'Ct X y aCp.q
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F set et 12T'xy Ex't costy p co o
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E I
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It is easy to check that Tf F

3 e t zay i.e Of II If
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Solution 2 we can also find f by formally

integrating F Recall that Tf F means

Z f
t 2 9TX

Inf x't cosy

Integrating the 1stequation w r t X we have

fee y f e't 2 xy dx

It x'y hcg

for any arbitrary function h of y

Plug into 2nd equation

X't h ly 2 x't cosy

h ly cosy i e hey sing C

for any constant C

Therefore f x y e't x'y sing c

for any constant C
D


